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ABSTRACT
The quest of exo-Earths has become a prominent field. In this work, we study the
stability of non-coplanar planetary configurations consisting of an inclined inner ter-
restrial planet in mean-motion resonance with an outer giant planet. We examine the
families of circular and elliptic symmetric periodic orbits with respect to the vertical
stability, and identify the vertical critical orbits from which the spatial families em-
anate. We showcase that stable spatial periodic orbits can exist for both prograde and
retrograde motion in 3/2, 2/1, 5/2, 3/1, 4/1 and 5/1 resonances for broad ranges of
inclinations, when the giant evolves on a circular orbit. When the orbit of the giant
is elliptic, only the 2/1 resonance has stable periodic orbits up to high inclinations,
while the 3/1, 4/1 and 5/1 resonances possess segments of stability for low inclina-
tions. Furthermore, we show that regular motion can also take place in the vicinity
of both horizontally and vertically stable planar periodic orbits, even for very high
inclinations. Finally, the results are discussed in the context of asteroid dynamics.
Key words: celestial mechanics – planets and satellites: terrestrial planets – planets
and satellites: dynamical evolution and stability – minor planets, asteroids: general –
periodic orbits – chaos
1 INTRODUCTION
To-date, ground-based telescopes and space missions have
revealed thousands of extrasolar planets. Many celestial ar-
chitectures different than the one observed in the Solar sys-
tem pose questions regarding the formation, the dynamical
evolution and the long-term stability of planetary systems.
In particular, the quest of exo-Earths within the region of
habitability, where water can be found in liquid form, re-
ceives constant attention. Dynamical mechanisms like the
mean-motion resonance (MMR) can act to maintain the
long-term stability of terrestrial planets.
Stability regions can be revealed by constructing maps
of dynamical stability (DS-maps) by means of a chaotic in-
dicator. For instance, Sa´ndor et al. (2007) studied the hypo-
thetical existence of a terrestrial planet in the habitable zone
of 15 single-giant exoplanetary systems. Funk et al. (2009)
explored the stability of inclined terrestrial planets evolving
in the habitable zone for configurations of terrestrial planets
in binary systems, with an inner gas giant, with an outer gas
giant, and on a Trojan orbit. Later on, Funk et al. (2011)
investigated the influence of the Kozai mechanism induced
? E-mail: kyriaki.antoniadou@unamur.be (KIA)
by an eccentric giant planet on the long-term stability of
inclined Earth-like planets in the habitable zone.
Recently, Antoniadou & Libert (2018a) extensively
studied the dynamical stability of an inner terrestrial planet
in MMR or not with an outer giant planet as the eccen-
tricity of the inner body increases. They showed that stable
domains exist for the complete range of eccentricities of the
outer body. In particular, the potential existence of a ter-
restrial planet was discussed for 22 RV-detected planetary
systems with high eccentricities. Families of stable periodic
orbits are responsible for the appearance of stable domains,
as shown by Antoniadou & Libert (2018a) for the 2/1 MMR
and by Antoniadou & Libert (2018b) for the 3/2, 5/2, 3/1,
4/1 and 5/1 MMRs in the planar circular and elliptic re-
stricted three-body problem (2D-CRTBP and 2D-ERTBP).
In this work, the question we aim to answer relates
the potential existence of spatial resonant configurations
with Earth-like planets. Spatial resonant configurations have
mainly been studied in the spatial general three-body prob-
lem (3D-GTBP), namely for the 2/1 MMR by Antoniadou
& Voyatzis (2013) and for 4/3, 3/2, 5/2, 3/1 and 4/1 MMRs
by Antoniadou & Voyatzis (2014). Inclination excitation of
two-planet systems has been observed via differential migra-
tion during the protoplanetary disc phase (Thommes & Lis-
sauer 2003; Lee & Thommes 2009; Libert & Tsiganis 2009)
c© 2018 The Authors
ar
X
iv
:1
81
1.
09
44
2v
2 
 [a
str
o-
ph
.E
P]
  4
 D
ec
 20
18
2 K. I. Antoniadou and A.-S. Libert
and it is associated with the vertical critical orbits (v.c.o.)
that exist along the planar families. Indeed, assuming ini-
tially quasi-coplanar and quasi-circular orbits, Voyatzis et
al. (2014) showed for the 2/1 and 3/1 MMRs, that after res-
onant capture, the two planets migrate along a planar fam-
ily of elliptic periodic orbits and get caught in inclination
resonance, when they meet a v.c.o. Then, they follow the
spatial family that bifurcates from it, i.e. they reach a spa-
tial stable configuration. Same holds for the spatial families
which emanate from the circular family, as shown for the 5/2
and 7/3 MMRs by Antoniadou & Voyatzis (2017). Recently,
simulations by Libert et al. (2018) additionally showed that
spatial families of periodic orbits act as attractors that trap
the planets after instability events during their migration.
Regarding the RTBP and more specifically the exterior
MMRs, Kotoulas (2005), Kotoulas & Voyatzis (2005) and
Voyatzis & Kotoulas (2005) studied the inclined symmet-
ric periodic orbits of trans-Neptunian objects in the planar
and spatial RTBP. Recently, Voyatzis et al. (2018) studied
inclined asymmetric periodic solutions of the same system.
We herein extend our previous contributions to the 2D-
RTBPs (Antoniadou & Libert 2018a,b) to the 3D-RTBPs
by computing spatial families for the restricted cases, and
particularly, for the 3/2, 2/1, 5/2, 3/1, 4/1 and 5/1 (in-
terior) MMRs. The study is organised as follows. In Sect.
2, we introduce the models of the 3D-RTBPs (circular and
elliptic cases), define the spatial symmetric periodic orbits
in each case and discuss the linear horizontal and vertical
stability of the periodic orbits. In Sect. 3, we mention the
methods of continuation of periodic orbits for the compu-
tation of families. In Sect. 4, we report our results ordered
by MMR, i.e. in the 3/2, 2/1, 5/2, 3/1, 4/1 and 5/1 MMRs
for each problem. We showcase the neighbourhood of spa-
tial configurations through DS-maps in Sect. 5 and finally
conclude in Sect. 6.
We should note that the results shown herein can be
applied to any celestial bodies which can be effectively mod-
elled by the 3D-RTBPs. For instance, we may cite star-
asteroid-giant planet, planet-spacecraft-satellite and binary
star-circumprimary planet. As an application, the highly in-
clined orbits in asteroid dynamics are discussed in Sect. 5.2.
2 MODEL SET-UP
2.1 The spatial restricted three-body problem
(3D-RTBP)
We consider a system, composed by a star, an inner terres-
trial planet and an outer giant planet, of masses m0, m1 = 0
and m2 = mJ , respectively. Therefore, the terrestrial planet
is assumed as a massless body. The masses are normalised to
unity (hence, m0 = 1−m2 = 0.999), and the mass parame-
ter, µ, equals µ = m2
m0+m2
= 0.001. The primaries, star and
giant planet, revolve around their centre of mass in a Kep-
lerian orbit, under their mutual gravitational attraction (in
our case, the gravitational constant is G = 1) with the ter-
restrial planet being in interior MMR with the giant planet.
We introduce a suitable rotating frame of reference,
Oxyz (see e.g. Szebehely 1967; Murray & Dermott 1999).
The Oxy-plane contains always the primaries, the Ox-axis
is directed from the star to the giant planet, and its origin,
O, is their centre of mass. The Oz-axis is perpendicular to
the plane Oxy.
The Lagrangian of the small massless body in the ro-
tating frame Oxyz is
L = 0.5[(x˙− θ˙y)2 + (y˙ + θ˙x)2 + z˙2] + 1−µ
r1
+ µ
r2
,
where
r1 =
√
(x+ µr)2 + y2 + z2,
and
r2 =
√
[x− (1− µ)r]2 + y2 + z2.
(1)
The distance, r = r(t), is the distance between the primaries
and the angle θ = θ(t) is the true anomaly of the giant
planet.
In our study, we additionally refer to the following or-
bital elements: ai (semi-major axis), ei (eccentricity), ii (in-
clination), ωi (argument of pericentre), Mi (mean anomaly)
and ∆Ω (longitude of ascending node) with i = 1, 2. For
terrestrial planets, we are mainly interested in prograde or
direct (ii < 90
◦) orbits, even if the continuation of the fami-
lies of periodic orbits is made up to 180◦ (retrograde orbits)
for reasons of completeness. The mutual inclination will be
denoted by ∆i and is given by the cosine rule
cos ∆i = cos i1 cos i2 + sin i1 sin i2 cos(Ω1 − Ω2). (2)
For the interior MMRs studied herein, a1 < a2 holds and we
set a2 = 1. Therefore, subscript 1 (2) shall always refer to
the inner (outer) body.
For a circular orbit of the giant (3D-CRTBP), i.e. e2 =
0, the positions of the primaries are fixed, namely, (−µ, 0)
and (1 − µ, 0) for the star and the giant, respectively. We
have r = 1 and θ˙ = 1 and this problem is of three degrees
of freedom.
When the orbit of the giant planet is elliptic (3D-
ERTBP), i.e. e2 6= 0, the distance between the primaries
is not constant and the Oxyz frame is not uniformly rotat-
ing. Therefore, we have a non-autonomous system, i.e. of
four degrees of freedom.
The Lagrangian of the corresponding planar problems
is derived simply by setting z = 0 and z˙ = 0.
In this work, we compute spatial symmetric periodic
orbits, which exist inside the orbit (either circular or ellip-
tic) of the giant planet (a2 = 1), and whose period in our
normalised units equals to T0 = 2pi.
2.2 Resonant periodic orbits
As the periodic orbit describes the motion of P1 (massless
body), we can explore three cases with regards to its orbits
(see Antoniadou & Libert 2018b, for more details on their
origin and continuation):
– The circular family, where both the primaries (star
and giant planet) and the massless body (terrestrial planet)
evolve on circular orbits. The periodic orbits are circular and
symmetric, while the MMR varies along this family.
– The CRTBP, where the primaries evolve on circular or-
bits and the orbits of P1 are elliptic. These orbits are periodic
in the rotating frame only if they are resonant.
– The ERTBP, where the primaries evolve on elliptic or-
bits and the orbits of P1 are elliptic. These orbits can be
MNRAS 000, 1–18 (2018)
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either symmetric or asymmetric and periodic in the rotat-
ing frame as long as they are resonant.
Mean-motion resonances are associated with the ra-
tional ratio of mean motions for which n1
n2
≈ p+q
p
, where
q, p 6= 0 are integers with q defining the resonance order
and ni (i = 1, 2) denoting the mean motion of the inner or
outer body. In this case, we can introduce the resonant an-
gles, θi, previously used by Antoniadou & Libert (2018b),
for each order of the MMR studied hereafter:
• when the order of the resonance, q, is odd (in 3/2, 2/1,
5/2 and 4/1 MMRs in our study) we use the pair (θ1, θ2),
• when q = 2 (in 3/1 MMR) we use the pair (θ3, θ1) and
• when q = 4 (in 5/1 MMR) we use the pair (θ4, θ1),
with
θ1 = pλ1 − (p+ q)λ2 + q$1,
θ2 = pλ1 − (p+ q)λ2 + q$2,
θ3 = λ1 − 3λ2 +$1 +$2,
θ4 = λ1 − 5λ2 + 3$2 +$1,
(3)
where λi = Mi + $i is the mean longitude. The stationary
solutions where θ˙i = 0 (i = 1, 2) are also called apsidal coro-
tation resonances (ACRs, e.g. in Ferraz-Mello et al. (2006)).
A periodic orbit in the rotating frame showcases the exact
location of an MMR in phase space and an ACR corresponds
to a periodic orbit.
When the bodies are initially at conjunction in the state
of apsidal alignment we refer also to the apsidal difference
∆$ = $2 − $1. Therefore, based on the above pairs of
resonant angles, we can have four different symmetric con-
figurations: (0, 0), (0, pi), (pi, 0) and (pi, pi).
When the two bodies are not coplanar, we may addition-
ally introduce the resonant angles that define the inclination
resonance for at least second order resonances
ϕ11 = pλ1 − (p+ q)λ2 + qΩ1,
ϕ22 = pλ1 − (p+ q)λ2 + qΩ2,
ϕ12 = (ϕ11 + ϕ22)/q,
(4)
as well as the zeroth-order secular resonance angle
ϕΩ = Ω1 − Ω2 = (ϕ11 − ϕ22)/q. (5)
2.3 Symmetries of spatial periodic orbits in the
3D-RTBPs
Let us consider the rotating frame, OXY Z, and define the
Poincare´ section plane in phase space pˆi = {y = 0, y˙ > 0}.
Initial conditions shall always be chosen on this plane. Then,
the periodic orbits are the fixed or periodic points of the
Poincare´ map (Poincare´ 1899) and satisfy the conditions
x′(0) = x′(T ), x˙′(0) = x˙′(T ),
x(0) = x(T ), x˙(0) = x˙(T ), y˙(0) = y˙(T )
z(0) = z(T ), z˙(0) = z˙(T ),
(6)
provided that y(0) = y(T ) and T is the period. Primed quan-
tities refer to the giant planet. The multiplicity of the peri-
odic orbit is defined as the number of successive intersections
with the plane y = 0 and in the same direction (y˙ > 0 or
y˙ < 0) during one period.
According to the definition of the rotating frame, two
symmetries can be defined for the restricted problems:
• Symmetry with respect to the xz-plane
The periodic orbit obeying this symmetry has two perpen-
dicular crossings with the xz-plane and the initial conditions
at t = 0 of such a periodic orbit should be
x′(0) = x′0, x(0) = x0, y(0) = 0 z(0) = z0,
x˙′(0) = 0, x˙(0) = 0, y˙(0) = y˙0, z˙(0) = 0.
(7)
Therefore, an xz-symmetric periodic orbit can be repre-
sented by a point in the four-dimensional space of initial
conditions: {(x′0, x0, z0, y˙0)}. Given the geometry of the or-
bit, at t = 0 it holds that Ω1 = 90
◦ and $1 = 0◦ or 180◦.
• Symmetry with respect to the x-axis
When the orbit has two perpendicular crossings with the
x-axis, then it is symmetric with respect to this symmetry.
Starting (t = 0) perpendicularly from the x-axis, then, the
periodic orbit has initial conditions
x′(0) = x′0, x(0) = x0, y(0) = 0, z(0) = 0,
x˙′(0) = 0, x˙(0) = 0, y˙(0) = y˙0, z˙(0) = z˙0.
(8)
Hence, an x-symmetric periodic orbit can be represented
by one point in the four-dimensional space of initial
conditions{(x′0, x0, y˙0, z˙0)}. The geometry of the orbit shows
that at t = 0, Ω1 = 0
◦ and $1 = 0◦ or 180◦.
The above conditions hold for the periodic orbits of the
3D-ERTBP. In the 3D-CRTBP, x′ is constant defined by
the normalisation adopted for our system and in the com-
putations it equates to 1− m2
m0+m2
. Thus, the xz-symmetric
periodic orbits can be represented by a point in the three-
dimensional space of initial conditions {(x0, z0, y˙0)} and the
x-symmetric ones by {(x0, y˙0, z˙0)}.
2.4 Linear stability
The linear stability of the spatial periodic orbits is derived
through the computation of the eigenvalues (conjugate ones
in reciprocal pairs) of the monodromy matrix of the varia-
tional equations, the number of which depends on the de-
grees of freedom of each problem. The periodic orbit is called
linearly stable iff all the eigenvalues lie on the unit circle.
The different types of stability of periodic orbits of high di-
mensional Hamiltonian systems have been studied e.g. by
Marchal (1990) and Skokos (2001).
An estimate of the accuracy of the computation of the
eigenvalues is retrieved via the accuracy of the computation
of the pair of the unit eigenvalues, which exists, due to the
energy integral. This accuracy is about 10-11 digits. There-
fore, we additionally compute the evolution of stability for
at least t = 3 Myr by checking the detrended Fast Lyapunov
Indicator (DFLI) (Froeschle´ et al. 1997; Voyatzis 2008). Or-
bits with log DFLI ≤ 2 are classified as stable.
As will be further detailed in Sect. 3, one of the vi-
tal steps for finding bifurcations of spatial periodic orbits is
the computation of the vertical stability index, av, (He´non
1973) of the planar periodic orbits, which belong to the 2D-
CRTBP and 2D-ERTBP. Therefore, the planar periodic or-
bits, apart from being horizontally stable or unstable, can be
vertically stable or unstable. The points between the latter
transition, where |av| = 1, are called vertical critical orbits
MNRAS 000, 1–18 (2018)
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Figure 1. Typical angular evolutions observed in the 2D- and
3D-ERTBPs for the 2/1 MMR. (a) In the neighbourhood of a
planar periodic orbit, we observe the libration of the resonant
angles θi(i = 1, 2) and ∆$ linked with the MMR and the rotation
of the inclination resonant angles ϕii and ∆Ω associated with
the inclination resonance. (b) In the vicinity of a spatial periodic
orbit, the inclination resonance takes place in tandem with the
MMR; the libration of all the resonant angles, apsidal difference
and nodal difference is observed. Evolution (a) emanates from the
configuration (0, 0), shown in Fig. 9, and evolution (b) from the
configuration (pi, 0), presented in Fig. 10.
(v.c.o.). Therefore, four combinations of horizontal and ver-
tical stability can exist and can bring to light more spatial
configurations.
The above information is depicted in our plots in the
following way:
• Blue (red) colour: Horizontal linear stability (instabil-
ity) of the planar periodic orbits and linear stability (insta-
bility) of the spatial periodic orbits;
• Solid (dashed) lines: Vertical stability (instability) of
the planar periodic orbits;
• Magenta dots: Vertical critical orbits (v.c.o.) which gen-
erate xz-symmetric spatial families of periodic orbits;
• Green dots: v.c.o. which generate x-symmetric spatial
families of periodic orbits.
In Hamiltonian systems, the stable periodic orbits are
surrounded by invariant tori, where the motion is regular
and quasi-periodic, exhibited by the libration of the reso-
nant angles θi and the apsidal difference, ∆$, whereas in
the vicinity of unstable periodic orbits homoclinic webs are
formed, chaos emerges and these angles rotate.
In the neighbourhood of planar stable periodic orbits,
the resonant angles θi (Eq. (3)) and the apsidal difference,
∆$, librate, but no inclination resonance is achieved for the
inclined systems. A typical evolution is shown in Fig. 1a.
In the neighbourhood of spatial stable periodic orbits, the
bodies evolve in MMR along with the inclination resonance,
as showcased by the libration of the angles ϕii (Eq. (4)) and
the nodal difference, ∆Ω, in Fig. 1b.
3 CONTINUATION OF FAMILIES OF
PERIODIC ORBITS IN THE 3D-RTBPS
Changing the value of z (xz-symmetric) or z˙ (x-symmetric)
yields a monoparametric family of spatial symmetric peri-
odic orbits and there exist two methods to generate them in
the 3D-ERTBP:
Method I:
Examine the circular family and the planar families of the
2D-CRTBP and 2D-ERTBP with respect to the vertical sta-
bility. The v.c.o. are the bifurcation points that can poten-
tially generate spatial periodic orbits continued analytically
to the 3D-CRTBP and 3D-ERTBP.
Method II:
Examine the spatial families of 3D-CRTBP for periodic or-
bits whose period gets equal to T = kT0/m, where m is
the multiplicity of the generated periodic orbit. These or-
bits constitute bifurcation points that generate spatial pe-
riodic orbits in the 3D-ERTBP. Two families, in general,
emanate from them: one corresponding to the location of
the outer giant planet to pericentre and another to its loca-
tion at apocentre, since this body was initially on a circular
orbit (e2 = 0) and now it is allowed to evolve on an elliptic
one (e2 6= 0).
Hereafter, we follow the notation of Antoniadou & Voy-
atzis (2013, 2014), and denote the spatial families of xz-
symmetric periodic orbits by F
p+q
p
N and the ones of x-
symmetric periodic orbits by G
p+q
p
N , where
p+q
p
is the MMR.
N stands either for the configuration ((θ1, θ2), (θ3, θ1) or
MNRAS 000, 1–18 (2018)
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(θ4, θ1)) of the planar family in the 2D-ERTBP or for the
name of the planar family, either the circular family or the
family of the 2D-CRTBP from which they emanate, accord-
ingly. When the families are generated in the 3D-ERTBP
from bifurcation points of the 3D-CRTBP, N is followed by
p or a denoting the location of the giant at pericentre or
apocentre, respectively.
Finally, the v.c.o., provided in Sect. 4, are accordingly
denoted, but F or G has a circumflex accent, in order for
the bifurcation point to be distinguished from the spatial
family. If there are two v.c.o. and hence, two spatial fami-
lies originating from the same planar family of a particular
configuration, the latter ones (points or families) are primed.
4 RESULTS
Based on Method I, we examine the circular family and the
planar families in 3/2, 2/1, 5/2, 3/1, 4/1 and 5/1 MMRs of
the 2D-CRTBP and 2D-ERTBP presented in Antoniadou &
Libert (2018a,b) with respect to the vertical stability and
identify the existence of v.c.o. We also examine the spatial
families of the 3D-CRTBP according to Method II, in order
to find periodic orbits of period multiple of the period of the
primary. Finally, we provide the spatial periodic orbits that
exist in the 3D-CRTBP and 3D-ERTBP along with their
linear stability. The results are classified by MMR.
4.1 The circular family
Antoniadou & Voyatzis (2017) have shown for the 2D-GTBP
that the more the multiplicity of the circular periodic orbits
of the circular family increases, the more v.c.o. become ap-
parent. In Appendix A, we show that this property holds for
the restricted case, as well.
As showcased in Antoniadou & Libert (2018b), the cir-
cular family “breaks” when the order of the resonance is
q = 1, namely at 3/2, 2/1, etc., therefore no v.c.o. are ap-
parent at these MMRs. Given the MMRs studied herein, we
focus on the segment p+q
p
∈ (2, 5.1] of the circular family
and compute the vertical stability for different multiplicity
values.
More specifically, in Fig. A1, we present the circular
family, denoted by Ci, where i ∈ [1, 9] stands for the multi-
plicity value, with respect to the vertical stability index, av,
and in Table A1, we show the MMRs (possessing a v.c.o.
at |av| = 1) that emerge in a systematic manner, as the
multiplicity of the circular periodic orbits increases.
At these v.c.o. of the circular family, we have ratio-
nal values of the mean-motion ratio, p+q
p
and the peri-
odic orbits are of period T = 2pi(a
−3/2
1 − 1)−1 (given that
a2 = 1.0). Therefore, we have bifurcation points from which
elliptic symmetric periodic orbits will be generated in the
3D-CRTBP directly.
4.2 3/2 MMR
4.2.1 3D-CRTBP
As mentioned in Sect. 4.1, there is a gap at 3/2 MMR along
the circular family. Therefore, no v.c.o. exist that could gen-
erate spatial families according to Method I.
Figure 2. Families of periodic orbits in the 2D-CRTBP for 3/2
MMR examined with respect to Method I, i.e. scanned with re-
gards to the vertical stability. The inner body is located at peri-
centre at family I and at apocentre at the families II. Blue (red)
coloured lines refers to the horizontal stability (instability), while
the solid (dashed) coloured lines to the vertical stability (instabil-
ity) of the periodic orbits. The magenta (green) dots correspond
to the vertical critical orbits which generate xz- (x-) symmet-
ric spatial periodic orbits in the 3D-CRTBP. The cross symbol
corresponds to collision between the bodies, while “ce” to close
encounters.
In Fig. 2, we present the families of the 3/2 MMR in
the 2D-CRTBP, i.e. when e2 = 0. We observe that family I
is horizontally stable (blue) and vertically stable (solid line)
except the region between the two v.c.o. where it gets ver-
tically unstable (dashed line). These v.c.o., Fˆ
3/2
I and Gˆ
3/2
I ,
with eccentricity values e1 = 0.39 and e1 = 0.43, respec-
tively, are called pairs1 in Antoniadou & Voyatzis (2014)
and we will keep this terminology. The family IIS is whole
horizontally stable (blue), but essentially totally vertically
unstable (dashed line), since the v.c.o., Gˆ
3/2
IIS
, and hence, the
transition of stability is found at very high eccentricity val-
ues and particularly at e1 = 0.98. Family IIU is horizontally
unstable (red), but vertically stable (solid line).
In Fig. 3, we present the spatial families in the 3D-
CRTBP projected on the plane (e1, i1). The spatial family
F
3/2
I is stable up to ∼ 55◦ and in the segment between 103◦
and 165◦ and consists of xz-symmetric periodic orbits. At
90◦, e1 tends to 1 and the family could not be computed
locally2. The spatial families of x-symmetric periodic orbits,
G
3/2
I and G
3/2
IIS
, are unstable with G
3/2
I having a stable seg-
ment that starts at 162◦ and ends at 178◦. All of the fami-
1 Pairs of v.c.o. are neighbouring v.c.o. belonging to the same
family, one of which yields xz-symmetric spatial periodic orbits
and the other x-symmetric orbits.
2 In the 3D-CRTBP, whenever P1 approaches P0 (e1 → 1 and
i1 = 90◦), the stability type might not be accurate, as the inte-
gration stops. A study of this region is beyond the scope of the
present work.
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Figure 3. Spatial families of periodic orbits in the 3D-CRTB
in the 3/2 MMR bifurcating from the 2D-CRTBP projected on
the plane (e1, i1). G
3/2
I and F
3/2
I bifurcate from the v.c.o. at
e1 = 0.39 and e1 = 0.43 of the family I. G
3/2
I and F
3/2
I have
segments of stability (blue). G
3/2
IIS
bifurcates from the v.c.o. at
e1 = 0.98 of the family IIS and is whole unstable (red). The grey
dot at (e1, i1) = (0.42, 69◦) corresponds to a bifurcation point
from the 3D-CRTBP to the 3D-ERTBP.
lies terminate at planar retrograde orbits (i1 = 180
◦). These
spatial families are examined via Method II and only the
family G
3/2
I possesses a bifurcation point to the 3D-ERTBP
at (e1, i1) = (0.42, 69
◦) (grey dot).
4.2.2 3D-ERTBP
The bifurcation point of the spatial family G
3/2
I of the 3D-
CRTBP generates two families in the 3D-ERTBP, G
3/2
G
3/2
I
p
and G
3/2
G
3/2
I
a
, one corresponding to the location of the giant
at pericentre and the other at apocentre. They are whole
unstable and are presented in Fig 4.
In Fig. 5, we present the families of the 3/2 MMR in the
2D-ERTBP examined with regards to the vertical stability.
We observe that the majority of the families is horizontally
and vertically stable (blue solid lines). The spatial dynamical
neighbourhood of the family of the configuration (0, pi) with
low to moderate values of e1 is examined in Sect. 5.1. There
are two v.c.o., Gˆ
3/2
(pi,0) located at (e1, e2) = (0.96, 0.12) and
Gˆ
3/2
(pi,pi) located at (e1, e2) = (0.99, 0.17), which generate x-
symmetric spatial periodic orbits. The planar families are
vertically unstable (dashed line) between the two v.c.o. and
vertically stable (solid line) after the v.c.o. as e2 increases.
In Fig. 6, we present the spatial families G
3/2
(pi,0) and
G
3/2
(pi,pi) of x-symmetric periodic orbits, which extend up to
high inclination values, but are whole unstable.
Figure 4. The two unstable families of periodic orbits, G
3/2
G
3/2
I
p
and G
3/2
G
3/2
I
a
, in the 3D-ERTBP for 3/2 MMR, which bifurcate,
according to Method II, from the family G
3/2
I (replotted) at the
point (e1, i1) = (0.42, 69◦), of the 3D-CRTBP shown in Fig. 3.
Figure 5. Families of periodic orbits in the 2D-ERTBP for 3/2
MMR examined with respect to vertical stability (Method I). The
v.c.o. (coloured dots) generate spatial families in the 3D-ERTBP.
The bold dashed pale grey line and curve correspond to the col-
lision and the close encounters between the primary and the sec-
ondary, respectively. Colours and lines as in Fig. 2.
4.3 2/1 MMR
4.3.1 3D-CRTBP
Likewise 3/2 MMR, there is a gap at 2/1 MMR along the cir-
cular family. Therefore, no spatial families can be generated
by this family based on Method I.
MNRAS 000, 1–18 (2018)
Spatial resonant periodic orbits in the RTBP 7
Figure 6. Spatial families of unstable periodic orbits in the 3D-
ERTBP in the 3/2 MMR. G
3/2
(pi,0)
bifurcates from the v.c.o. at
(e1, e2) = (0.96, 0.42) of the configuration (pi, 0). G
3/2
(pi,pi)
bifur-
cates from the v.c.o. at (e1, e2) = (0.99, 0.17) of the configuration
(pi, pi). The families of the 2D-ERTBP are replotted.
In Fig. 7, we present the planar families of the 2/1 MMR
in the 2D-CRTBP examined with regards to the vertical
stability (Method I), which exhibit a similar trend to the 3/2
MMR. Precisely, the horizontally stable family I has a pair
of v.c.o., Fˆ
2/1
I and Gˆ
2/1
I , with eccentricity values e1 = 0.67
and e1 = 0.79, respectively, and gets vertically unstable only
between them. The family IIU is horizontally unstable, but
vertically stable, while the family IIS is horizontally stable,
but vertically unstable, since we did not find any v.c.o. until
the eccentricity value e1 = 0.993 up to which it is continued.
In Fig. 8, we present the two spatial families in the 3D-
CRTBP projected on the plane (e1, i1). The spatial family
F
2/1
I is stable for both prograde and retrograde orbits except
of the small region close to 90◦ as e1 → 1 and consists of
xz-symmetric periodic orbits, whereas G
2/1
I , the spatial fam-
ily of x-symmetric periodic orbits, is unstable. Both of the
families terminate at planar circular retrograde orbits, while
the continuation of F
2/1
I is interrupted at 90
◦. These fami-
Figure 7. Families of periodic orbits in the 2D-CRTBP for 2/1
MMR examined with respect to Method I. The v.c.o. generate
spatial symmetric periodic orbits in the 3D-CRTBP. Colours and
lines as in Fig. 2.
Figure 8. Spatial families of periodic orbits in the 3D-CRTB
in the 2/1 MMR bifurcating from the 2D-CRTBP projected on
the plane (e1, i1). G
2/1
I and F
2/1
I bifurcate from the v.c.o. at
e1 = 0.79 and e1 = 0.66 of the family I. Stability (instability) is
depicted by blue (red).
lies were also computed by Antoniadou & Voyatzis (2013),
but for lower values of the inclination. Examination of the
spatial families in the 3D-CRTBP with respect to Method
II showed that none of them possesses a bifurcation point to
the 3D-ERTBP.
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Figure 9. Families of periodic orbits in the 2D-ERTBP for 2/1
MMR examined with respect to Method I. The v.c.o. generate
spatial families in the 3D-ERTBP. Presented as in Fig. 5.
4.3.2 3D-ERTBP
In Fig. 9, we present the families of the 2/1 MMR in the 2D-
ERTBP examined with regards to the vertical stability. The
majority of the families is vertically unstable (dashed lines),
in tandem with being horizontally stable or unstable. There
is only one large segment at high eccentricity values e2 of the
horizontally stable family in the configuration (pi, 0) which is
also vertically stable. This segment is examined in Sect. 5.1
regarding the spatial neighbourhood of the horizontally and
vertically stable planar periodic orbits. This family possesses
one v.c.o. (hence the transition of the vertical stability along
it), Fˆ
2/1
(pi,0), located at (e1, e2) = (0.93, 0.43), which generates
xz-symmetric spatial periodic orbits in the 3D-ERTBP.
In Fig. 10, we present the spatial family F
2/1
(pi,0) of xz-
symmetric periodic orbits, which is stable.
4.4 5/2 MMR
4.4.1 3D-CRTBP
When the multiplicity of the circular periodic orbits becomes
equal to 3, we have the first occurrence of v.c.o. at 5/2 MMR
along the circular family (see C3, C6 and C9 in Fig. A1 and
Table A1).
In Fig. 11, we present the spatial family F
5/2
C3
of xz-
symmetric periodic orbits, which is stable up to 40◦ for pro-
grade orbits and for 109◦ < i1 < 164◦ for the retrograde
ones, and the spatial family G
5/2
C3
of x-symmetric periodic
orbits which is unstable. Both families terminate at planar
circular retrograde orbits. However, at 90◦ the continuation
of F
5/2
C3
stopped as e1 → 1. When examined with respect to
Method II, G
5/2
C3
has a bifurcation point to the 3D-ERTBP
at (e1, i1) = (0.0891812, 90
◦). The families emanating from
this bifurcation point will not be computed, since we only
continue prograde orbits in the 3D-ERTBP in the following.
In Fig. 12, we present the families of 5/2 MMR in the
Figure 10. Spatial family of stable periodic orbits in the 3D-
ERTBP in the 2/1 MMR of the configuration (pi, 0) together with
the generating orbits of the families of the 2D-ERTBP. The family
F
2/1
(pi,0)
bifurcates from the v.c.o. at (e1, e2) = (0.93, 0.43).
Figure 11. The spatial families, F
5/2
C3
and G
5/2
C3
, in the 5/2 MMR
bifurcating from the circular family, C3, projected on the plane
(e1, i1). The grey dot at (e1, i1) = (0.089, 90◦) corresponds to a
bifurcation point from the 3D-CRTBP to the 3D-ERTBP. Stable
(unstable) periodic orbits are blue (red) coloured.
2D-CRTBP with respect to both the horizontal and vertical
(Method I) stability. The family I is both horizontally and
vertically stable, while the family II is horizontally unstable
and vertically stable up to the v.c.o. Gˆ
5/2
II , with eccentricity
value e1 = 0.84. Afterwards, this family is both horizontally
and vertically unstable.
In Fig. 13, we present the spatial family, G
5/2
II , of x-
symmetric periodic orbits, which is unstable up to the in-
clination value ∼ 60◦ it was continued. With regards to
Method II, this family possesses one bifurcation point from
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Figure 12. Families of periodic orbits in the 2D-CRTBP for 5/2
MMR examined with respect to Method I. The v.c.o. (green dot)
generates spatial symmetric periodic orbits in the 3D-CRTBP.
Colours and lines as in Fig. 2.
Figure 13. Spatial family of periodic orbits in the 3D-CRTB in
the 5/2 MMR bifurcating from the 2D-CRTBP projected on the
plane (e1, i1). G
5/2
II bifurcates from the v.c.o. at e1 = 0.84 of the
family II. The grey dot at (e1, i1) = (0.84, 29◦) corresponds to a
bifurcation point from the 3D-CRTBP to the 3D-ERTBP.
the 3D-CRTBP to the 3D-ERTBP at (e1, i1) = (0.84, 29
◦)
(grey dot).
4.4.2 3D-ERTBP
The bifurcation point of the spatial family G
5/2
II of the 3D-
CRTBP generates two families in the 3D-ERTBP, G
5/2
G
5/2
II
p
and G
5/2
G
5/2
II
a
, one corresponding to the location of the giant
Figure 14. The two unstable families, G
5/2
G
5/2
II
p
and G
5/2
G
5/2
II
a
of
periodic orbits in the 3D-ERTBP for 3/2 MMR, which bifurcate,
according to Method II, from the family G
5/2
II (replotted) at the
point (e1, i1) = (0.84, 29◦), of the 3D-CRTBP shown in Fig. 13.
Figure 15. Families of periodic orbits in the 2D-ERTBP for 5/2
MMR examined with respect to Method I. The v.c.o. generate
spatial families in the 3D-ERTBP. Presented as in Fig. 5.
at pericentre and the other at apocentre. They are whole
unstable and are presented in Fig 14.
In Fig. 15, we examine the families of the 5/2 MMR
in the 2D-ERTBP with respect to Method I. The verti-
cal stability behaves similarly to the one observed in 3/2
MMR (Fig. 5). Particularly, all of the families in the config-
urations (0, 0), (0, pi) and (pi, pi) are vertically stable (solid
lines), while being either horizontally stable (blue) or un-
stable (red). The family in the configuration (pi, 0) possesses
one v.c.o., Gˆ
5/2
(pi,0), and is vertically unstable (dashed line)
up to this point located at (e1, e2) = (0.96, 0.61). As a con-
sequence, the vertical instability along this family overlaps
with the horizontal stability to a great extent.
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Figure 16. Spatial family of unstable periodic orbits in the 3D-
ERTBP in the 5/2 MMR of the configuration (pi, 0) together with
the generating orbits of the families of the 2D-ERTBP. The family
G
5/2
(pi,0)
bifurcates from the v.c.o. at (e1, e2) = (0.96, 0.61).
Figure 17. The spatial families F
3/1
C1
, G
3/1
C1
, F ′3/1C1 and G
′3/1
C1
in
the 3/1 MMR bifurcating from the circular family, C1, projected
on the plane (e1, i1). The grey dots at (e1, i1) = (0.000178, 84◦),
(e1, i1) = (0.0002327, 101◦), (e1, i1) = (0.0003454, 101◦) and
(e1, i1) = (0.0004451, 84◦) correspond to bifurcation points from
the 3D-CRTBP to the 3D-ERTBP. Stability (instability) is show-
cased by blue (red).
In Fig. 16, we present the spatial family G
5/2
(pi,0) consist-
ing of unstable x-symmetric periodic orbits.
4.5 3/1 MMR
4.5.1 3D-CRTBP
The 3/1 MMR is the only resonance, within the segment
studied, which has two v.c.o. even when the multiplicity of
Figure 18. Families of periodic orbits in the 2D-CRTBP for 3/1
MMR examined with respect to Method I. The v.c.o. generate
spatial symmetric periodic orbits in the 3D-CRTBP. Colours and
lines as in Fig. 2.
the circular periodic orbits is equal to 1 and these v.c.o. are
always apparent as the multiplicity increases (see Fig. A1
and Table A1).
In Fig. 17, we present four spatial families in the 3D-
CRTBP emanating from the circular family, C1. F
3/1
C1
and
F ′3/1C1 consist of xz-symmetric periodic orbits, while G
3/1
C1
and G′3/1C1 of x-symmetric periodic orbits. F
3/1
C1
and G′3/1C1
have stable periodic orbits when 56◦ < i1 < 82◦ and i1 >
142◦, while F ′3/1C1 and G
3/1
C1
are whole unstable. All of them
terminate at planar retrograde orbits.
When these families were examined with respect
to Method II, we found four bifurcation points to the
3D-ERTBP at (e1, i1) = (0.000178, 84
◦), (e1, i1) =
(0.0002327, 101◦), (e1, i1) = (0.0003454, 101◦) and (e1, i1) =
(0.0004451, 84◦). Only the prograde orbits will be continued
to the 3D-ERTBP in the following.
In Fig. 18, we present the families of the 3/1 MMR in
the 2D-CRTBP examined with regards to the vertical sta-
bility (Method I). The family I exhibits a behaviour similar
to the family I of the 3/2 and 2/1 MMRs. Precisely, it pos-
sesses a pair of v.c.o, Fˆ
3/1
I and Gˆ
3/1
I , located at eccentricity
values e1 = 0.61 and e1 = 0.77, respectively. Hence, the fam-
ily is horizontally and vertically stable (blue solid line) and
gets only vertically unstable (blue dashed line) between the
periodic orbits defining the pair of v.c.o. The family II is
horizontally unstable (red), but vertically stable (solid line).
In Fig. 19, we present the two spatial families, G
3/1
I and
F
3/1
I , in the 3D-CRTBP projected on the plane (e1, i1). The
spatial family F
3/1
I of xz-symmetric periodic orbits is stable
up to 79◦ for prograde orbits and for 104◦ < i1 < 138◦ for
retrograde orbits (the region of stability is interrupted at 90◦
as e1 approaches 1), whereas G
3/1
I , the spatial family of x-
symmetric periodic orbits, is unstable. G
3/1
I and F
3/1
I reach
a circular periodic orbit at i1 = 82.77
◦ and i1 = 150.22◦,
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Figure 19. Spatial families of periodic orbits in the 3D-CRTBP
in the 3/1 MMR bifurcating from the 2D-CRTBP projected on
the plane (e1, i1). G
3/1
I and F
3/1
I bifurcate from the v.c.o. at
e1 = 0.77 and e1 = 0.61 of the family I. Blue (red) colour stands
for stability (instability).
respectively, then they are reflected backwards and termi-
nate at the v.c.o. which generated them. Examination of
these spatial families with respect to Method II revealed no
bifurcation points leading to the 3D-ERTBP.
4.5.2 3D-ERTBP
In Fig. 20, we present the unstable families, F
3/1
F
3/1
C1
p
and
G
3/1
G′3/1
C1
a
, in the 3D-ERTBP bifurcating from the prograde
orbits of the 3D-CRTBP shown in Fig. 17. They correspond
to the location of the giant at pericentre and apocentre,
respectively. Along F
3/1
F
3/1
C1
p
there is a change of the configu-
ration of the terrestrial planet at i1 = 90
◦. The other two
families for the location of the giant at the apocentre and
the pericentre, respectively, could not be found.
In Fig. 21, we examine the planar families of the 3/1
MMR in the 2D-ERTBP with respect to their vertical sta-
bility. All of them are vertically stable (solid line), apart
from two segments between two v.c.o. in each of the con-
figurations (0, 0) and (0, pi), where vertical instability is ob-
served (dashed line). In the configuration (0, 0), the v.c.o.
Gˆ
3/1
(0,0) and Gˆ
′3/1
(0,0) are located at (e1, e2) = (0.59, 0.43) and
(e1, e2) = (0.90, 0.76), respectively. In the configuration
(0, pi), the v.c.o. Gˆ
3/1
(0,pi) and Gˆ
′3/1
(0,pi) are located at (e1, e2) =
(0.78, 0.05) and (e1, e2) = (0.87, 0.35), respectively.
In Fig. 22, we present the spatial families of x-symmetric
periodic orbits of the 3/1 MMR in the 3D-ERTBP. The fam-
ilies of the configuration (0, 0), G
3/1
(0,0) and G
′3/1
(0,0), are totally
unstable. In the configuration (0, pi), the family G
3/1
(0,pi) is sta-
ble up to an inclination value i1 = 10
◦, while the family
G
′3/1
(0,pi) is unstable.
Figure 20. The unstable families, F
3/1
F
3/1
C1
p
and G
3/1
G′3/1
C1
a
, of pe-
riodic orbits in the 3D-ERTBP for 3/1 MMR, which bifurcate,
according to Method II, from the families F
3/1
C1
and G′3/1C1 (shown
for e2 = 0) at the points (e1, i1) = (0.0004451, 84◦) and (e1, i1) =
(0.000179, 84◦), respectively, of the 3D-CRTBP shown in Fig. 17.
Figure 21. Families of periodic orbits in the 2D-ERTBP for 3/1
MMR examined with respect to Method I. The v.c.o. generate
spatial families in the 3D-ERTBP. Presented as in Fig. 5.
4.6 4/1 MMR
4.6.1 3D-CRTBP
Likewise 5/2 MMR, when the multiplicity of the circular pe-
riodic orbits becomes equal to 3, we have the first occurrence
of v.c.o. at 4/1 MMR along the circular family (see C3, C6
and C9 in Fig. A1).
In Fig. 23, we present the families F
4/1
C3
and G
4/1
C3
. F
4/1
C3
has xz-symmetric periodic orbits which are stable up to 45◦
for prograde motion and for the segment 108◦ < i1 < 163◦
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Figure 22. Spatial families in the 3D-ERTBP of the 3/1
MMR. G
3/1
(0,0)
and G
′3/1
(0,0)
bifurcate from the v.c.o. at (e1, e2) =
(0.59, 0.43) and (e1, e2) = (0.90, 0.76) of the configuration
(0, 0). G
3/1
(0,pi)
and G
′3/1
(0,pi)
bifurcate from the v.c.o. at (e1, e2) =
(0.78, 0.05) and (e1, e2) = (0.87, 0.35) of the configuration (0, pi).
The planar families encompassing those v.c.o. are also shown.
for retrograde orbits. At 90◦ this family breaks as e1 → 1
as the continuation stopped. The family G
4/1
C3
consists of
x-symmetric unstable periodic orbits. Both of the families
terminate at planar circular retrograde orbits. When exam-
ined with respect to Method II, one bifurcation point to the
3D-ERTBP was found at (e1, i1) = (0.113, 89
◦), which will
not be continued to the 3D-ERTBP.
In Fig. 24, we examine the planar families of the 4/1
MMR in the 2D-CRTBP with respect to the vertical stabil-
ity. We find that both of the families, I (horizontally stable)
and II (horizontally unstable), are vertically stable (solid
line). Therefore, no v.c.o. exists and hence, no bifurcation
point from the 2D-CRTBP to the 3D-CRTBP.
Figure 23. The spatial families, F
4/1
C3
and G
4/1
C3
, in the 4/1 MMR
bifurcating from the circular family, C3, projected on the plane
(e1, i1). The grey dot at (e1, i1) = (0.113, 89◦) corresponds to
a bifurcation point from the 3D-CRTBP to the 3D-ERTBP. is
depicted by blue.
Figure 24. Families of periodic orbits in the 2D-CRTBP for 4/1
MMR examined with respect to Method I. Colours and lines as
in Fig. 2.
4.6.2 3D-ERTBP
In Fig. 25, we examine the families of the 4/1 MMR in
the 2D-ERTBP with respect to Method I. The results are
qualitatively similar to the ones of 3/1 MMR in the 2D-
ERTBP. Particularly, all of the families are vertically stable
(solid line), apart from two segments between two v.c.o. in
each of the configurations (0, 0) and (0, pi) (dashed line). In
the configuration (0, 0), the v.c.o. Gˆ
4/1
(0,0) and Gˆ
′4/1
(0,0) are lo-
cated at (e1, e2) = (0.62, 0.52) and (e1, e2) = (0.92, 0.82),
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Figure 25. Families of periodic orbits in the 2D-ERTBP for 4/1
MMR examined with respect to Method I. The v.c.o. generate
spatial families in the 3D-ERTBP. Presented as in Fig. 5.
respectively. The v.c.o. Gˆ
4/1
(0,pi) and Gˆ
′4/1
(0,pi) of the configura-
tion (0, pi) are located at (e1, e2) = (0.79, 0.21) and (e1, e2) =
(0.88, 0.47), respectively.
In Fig. 26, we present the spatial families of x-symmetric
periodic orbits in the 3D-ERTBP of the 4/1 MMR. Their
linear stability is qualitatively similar to the one observed
in 3/1 MMR (Fig. 22). Particularly, the families G
4/1
(0,0) and
G
′4/1
(0,0) are totally unstable, the family G
4/1
(0,pi) is stable up
to an inclination value i1 = 8
◦, and the family G′4/1(0,pi) is
unstable.
4.7 5/1 MMR
4.7.1 3D-CRTBP
When the multiplicity of the circular periodic orbits becomes
equal to 2, we have the first occurrence of v.c.o. at 5/1 MMR
along the circular family (see C2, C4, C6 and C8 in Fig. A1
and Table A1).
In Fig. 27, we present four families, F
5/1
C2
andG
5/1
C2
which
are whole unstable, and F ′5/1C2 and G
′5/1
C2
which are stable
when i1 < 37
◦ for prograde orbits and when 144◦ < i1 <
174◦ for retrograde orbits. All of them terminate at planar
retrograde orbits.
When these families were examined with respect to
Method II, four bifurcation points (one at each family)
to the 3D-ERTBP were revealed (grey dots in Fig. 27)
at (e1, i1) = (0.0000104, 90
◦), (e1, i1) = (0.0000696, 90◦),
(e1, i1) = (0.0000716, 90
◦) and (e1, i1) = (0.0001225, 90◦).
The families emanating from these bifurcation points will
not be computed here.
In Fig. 28, we examine the families of the 5/1 MMR
in the 2D-CRTBP with respect to Method I. Likewise 4/1
MMR, no v.c.o. exists along both of the families I (hori-
zontally stable) and II (horizontally unstable), which are
vertically stable (solid line).
Figure 26. Spatial families in the 3D-ERTBP in the 4/1 MMR
along with the bifurcation points of the planar ones. G
4/1
(0,0)
and G
′4/1
(0,0)
bifurcate from the v.c.o. at (e1, e2) = (0.62, 0.52)
and (e1, e2) = (0.92, 0.82), respectively, of the configuration
(0, 0). G
4/1
(0,pi)
and G
′4/1
(0,pi)
bifurcate from the v.c.o. at (e1, e2) =
(0.79, 0.21) and (e1, e2) = (0.88, 0.47), respectively, of the config-
uration (0, pi).
4.7.2 3D-ERTBP
In Fig. 29, we examine the families of the 5/1 MMR in the
2D-ERTBP with respect to Method I. The results are qual-
itatively similar to the ones of 3/1 and 4/1 MMRs in the
2D-ERTBP. Particularly, all the families are vertically sta-
ble (solid line), except two segments bounded by two v.c.o.
in each of the configurations (0, 0) and (0, pi) (dashed line).
In the configuration (0, 0), the v.c.o. Gˆ
5/1
(0,0) and Gˆ
′5/1
(0,0) are
located at (e1, e2) = (0.62, 0.57) and (e1, e2) = (0.93, 0.85),
respectively, whereas the v.c.o. Gˆ
5/1
(0,pi) and Gˆ
′5/1
(0,pi) of the con-
figuration (0, pi) are located at (e1, e2) = (0.80, 0.31) and
(e1, e2) = (0.89, 0.54), respectively.
In Fig. 30, we present the spatial families of x-symmetric
periodic orbits in the 3D-ERTBP of the 5/1 MMR. Their
linear stability is qualitatively similar to the one observed
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Figure 27. The spatial families, F
5/1
C2
, G
5/1
C2
, F ′5/1C2 and G
′5/1
C2
, in
the 5/1 MMR bifurcating from the circular family, C2, projected
on the plane (e1, i1). The grey dots at (e1, i1) = (0.0000104, 90◦),
(e1, i1) = (0.0000696, 90◦), (e1, i1) = (0.0000716, 90◦) and
(e1, i1) = (0.0001225, 90◦) correspond to bifurcation points from
the 3D-CRTBP to the 3D-ERTBP. Stable periodic orbits are blue
coloured.
Figure 28. Families of periodic orbits in the 2D-CRTBP for 5/1
MMR examined with respect to Method I. Colours and lines as
in Fig. 2.
in 3/1 and 4/1 MMRs (Fig. 22 and Fig. 26). Particularly,
the families G
5/1
(0,0) and G
′5/1
(0,0) are totally unstable, the family
G
5/1
(0,pi) is stable up to an inclination value i1 = 9
◦, and the
family G
′5/1
(0,pi) is unstable.
Figure 29. Families of periodic orbits in the 2D-ERTBP for 5/1
MMR examined with respect to Method I and presented as in
Fig. 5.
5 POSSIBLE EXISTENCE OF INCLINED
RESONANT CONFIGURATIONS
5.1 Planetary dynamics
Antoniadou & Libert (2018a) performed an exhaustive study
to identify the planar dynamical neighbourhoods that could
host an inner massless body (called terrestrial planet in that
work) in MMR or not with an outer giant planet. The 2/1
MMR was discussed therein, while the 3/2, 5/2, 3/1, 4/1
and 5/1 MMRs were accordingly discussed in Antoniadou
& Libert (2018b). We presently illustrate the spatial case,
where the inner massless body is inclined, and provide clues
of potential coexistence and survival. We use DS-maps, in
order to visualise the phase space of spatial configurations in
the neighbourhood of horizontally and vertically stable pla-
nar elliptic periodic orbits. We also showcase the dynamical
vicinity of spatial circular periodic orbits. We should note
that along the families of the ERTBP the mean-motion ra-
tio is maintained constant, while the semi-major axes vary
slightly. On the DS-maps the semi-major axes are constant,
equal to value of the periodic orbit we select each time.
In Fig. 31, we study the planar family of the configura-
tion (pi, 0) of the 2/1 MMR in the 2D-ERTBP (Fig. 9) with
regards to the horizontal and vertical stability. Particularly,
we used a mutual inclination of 20◦, 30◦ and 50◦, in order
to showcase the extent of such a region of concurrent hor-
izontal and vertical stability. The main region of stability
around the horizontally and vertically stable periodic orbits
spans a very broad domain even when i1 = 50
◦. However, we
observe that at the v.c.o. (magenta dot) the region of stabil-
ity breaks and afterwards, it is populated by chaotic orbits,
which become strongly chaotic as the inclination increases.
Accordingly, in Fig. 32, we study the planar family of
the configuration (0, pi) of the 3/2 MMR in the 2D-ERTBP
existing for e1 < 0.5 (Fig. 5) with regards to the horizontal
and vertical stability and used a mutual inclination of 10◦,
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Figure 30. Spatial families of periodic orbits in the 3D-ERTBP
in the 5/1 MMR generated by the planar ones. G
5/1
(0,0)
and G
′5/1
(0,0)
bifurcate from the v.c.o. at (e1, e2) = (0.62, 0.57) and (e1, e2) =
(0.93, 0.85), respectively, of the configuration (0, 0). G
5/1
(0,pi)
and
G
′5/1
(0,pi)
bifurcate from the v.c.o. at (e1, e2) = (0.80, 0.31) and
(e1, e2) = (0.89, 0.54), respectively, of the configuration (0, pi).
20◦ and 30◦. We observe that the region of stability extends
up to the point where the family becomes horizontally unsta-
ble. Moreover, we observe another region of regular motion
around the other horizontally and vertically stable family of
this configuration at high values of both eccentricities. This
domain is maintained even when i1 = 50
◦.
In Fig. 33, we performed an exploration in the neigh-
bourhood of the spatial family F
3/1
I of the 3D-CRTBP (Fig.
19), in order to exhibit the extent of the regular domain
along the family. Within this region the inclination reso-
nance takes place, and the inclination resonant angles li-
brate as illustrated in Fig. 1b. We observe that the region of
stability is particularly broad even when the inner massless
body becomes highly eccentric and reaches 80◦.
To sum up, we have illustrated two cases that can guar-
antee the long-term stability of spatial resonant configu-
rations in the restricted three-body problem. The systems
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Figure 31. DS-maps on the plane (e1, e2) of the configuration
(pi, 0) of the 2/1 MMR in the 2D-ERTBP (Fig. 9) with i1 = 20◦
(top), i1 = 30◦ (middle) and i1 = 50◦ (bottom). The orbital
elements that remained constant for the computation are a2/a1 =
0.6312, ω1 = Ω1 = 270◦, M1 = 180◦, i2 = 0◦, ω2 = 270◦,
Ω2 = 90◦ and M2 = 0◦.
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Figure 32. DS-maps on the plane (e1, e2) of the configuration
(0, pi) of the 3/2 MMR in the 2D-ERTBP (Fig. 5) with i1 = 10◦
(top), i1 = 20◦ (middle) and i1 = 30◦ (bottom). The orbital
elements that remained constant for the computation are a2/a1 =
0.7595, ω1 = 90◦, Ω1 = 270◦, M1 = 0◦, i2 = 0◦, ω2 = 90◦,
Ω2 = 90◦ and M2 = 180◦.
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Figure 33. DS-map around the family F
3/1
I (Fig. 19) of the
3/1 MMR in the 3D-CRTBP on the plane (e1, i1). The orbital
elements of the xz-symmetric stable periodic orbit that remained
constant for the computation are a2/a1 = 0.4806, ω1 = Ω1 = 90◦,
M1 = 0◦ and e2 = i2 = ω2 = Ω2 = M2 = 0◦.
should either reside in the neighbourhood of both horizon-
tally and vertically stable planar periodic orbits, or in the
vicinity of linearly stable spatial periodic orbits. Interest-
ingly, very high mutual inclinations of the massless body
were manifested in these regions.
5.2 Asteroid dynamics
The present work can also be applied to asteroid dynamics
and space mission designs (see e.g. Perozzi et al. 2017; Rick-
man et al. 2017). For instance, it gives an explanation to
many resonance captures of massless particles (asteroids) at
arbitrary inclination observed in Morais & Namouni (2015,
2018). In particular, when the giant planet is on circular or-
bit, captures in 3/2 MMR can be explained by Fig. 3, in
2/1 MMR by Fig. 8, in 5/2 MMR by Fig. 11, in 3/1 MMR
by Figs. 17 and 19 and in 4/1 MMR by Fig. 23. However,
some features cannot, for many reasons. Firstly, additional
spatial families can exist, such as spatial isolated families of
symmetric periodic orbits (see e.g. Antoniadou & Voyatzis
2013, for an illustration of spatial isolated families in the
3D-GTBP in Fig. 22) or families of spatial asymmetric peri-
odic orbits. Secondly, these features could also be artefacts
of the numerical simulations, as resonance capture is depen-
dent on the initial location of the migrating body, the drift
chosen for the migration and the integration time (see for
instance the parametric study of resonance capture of Libert
& Tsiganis (2009)). Also, the features reported could con-
sist of temporal captures, whereas the proximity to periodic
orbits assures long-term stability. Thirdly, there exist ad-
ditional mechanisms that ensure the stability of planetary
systems without the existence of stable periodic orbits in
their dynamical vicinity, namely secondary resonance, apsi-
dal resonance, nodal resonance, Kozai resonance and apsidal
difference oscillation.
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6 CONCLUSIONS
Our study focused on spatial planetary systems consisting
of a star, an inclined inner terrestrial (massless) planet and
an outer giant (massive) planet. However, our results can
be applied to any celestial architectures, which can be mod-
elled by the 3D-CRTBP or the 3D-ERTBP, in particular, to
asteroid dynamics, as shown in Sect. 5.2. More specifically,
we examined the circular family computed for various mul-
tiplicity values of the circular periodic orbits and the planar
families of elliptic periodic orbits of the 2D-CRTBP and the
2D-ERTBP for the 3/2, 2/1, 5/2, 3/1, 4/1 and 5/1 interior
MMRs with respect to the vertical stability. We identified
the vertical critical orbits that exist in each case for each
MMR. Starting from the v.c.o. of the circular family we
generated and computed spatial families of symmetric pe-
riodic orbits. Accordingly, beginning from the v.c.o. of the
2D-CRTBP and the 2D-ERTBP we derived spatial families
of symmetric periodic orbits in the 3D-CRTBP and the 3D-
ERTBP. Moreover, we identified the bifurcation points of the
3D-CRTBP to the 3D-ERTBP and computed the families of
prograde spatial periodic orbits.
Whether interested in locating potential exo-Earths, or
generally massless inner bodies locked in MMR with outer
massive ones, the spatial families of stable periodic orbits
provide the regions of stability in phase space, where inclined
planetary configurations can be hosted and survive for long-
time spans. Additionally, the neighbourhood of horizontally
and vertically stable planar periodic orbits can provide such
spatial regular domains, too. The only difference being the
fact that inclination resonance takes place only in the former
case, where the evolution is about a spatial periodic orbit.
Our results regarding the stability of the spatial families
can be summarised as follows.
In the 3D-CRTBP:
• For the direct or prograde orbits, the stable periodic
orbits exist in the 3/2 MMR when i1 < 55
◦, in the 2/1
MMR for i1 < 90
◦, in the 5/2 MMR for i1 < 40◦, in the 3/1
MMR for i1 < 79
◦ and when 56◦ < i1 < 82◦ (the different
ranges correspond to different families), in the 4/1 MMR for
i1 < 45
◦ and in the 5/1 MMR for i1 < 37◦.
• For the retrograde orbits, stability exists in the 3/2
MMR when 103◦ < i1 < 165◦ and when 162◦ < i1 < 178◦
(the different ranges correspond to different symmetries), in
the 2/1 MMR for 95◦ < i1 < 180◦, in the 5/2 MMR for
109◦ < i1 < 164◦, in the 3/1 MMR for 104◦ < i1 < 138◦
and when i1 > 142
◦ (the different ranges correspond to dif-
ferent families), in the 4/1 MMR for 108◦ < i1 < 163◦ and
in the 5/1 MMR for 144◦ < i1 < 174◦.
In the 3D-ERTBP, where we only continued prograde orbits:
• Starting from the v.c.o. of the 2D-ERTBP, we found
that in the 2/1 MMR the family of periodic orbits in the
configuration (pi, 0) is whole stable and reaches 70◦. Addi-
tionally, segments of stability (up to ∼ 10◦) exist for the
3/1, 4/1 and 5/1 MMRs in the configuration (0, pi).
• Starting from a bifurcation point of the 3D-CRTBP, we
found that all of the families were unstable.
A straightforward deduction could be that all the MMRs
studied are more likely to host an inner inclined terrestrial
planet in their dynamical neighbourhood as long as the or-
bit of the outer giant planet is circular. For an elliptic orbit
of the giant planet, the 2/1 MMR can host an inclined ter-
restrial planet when the giant is highly eccentric, while for
the 3/1, 4/1 and 5/1 MMRs in the 3D-ERTBP, the inclined
massless body should have a low inclination, in order to sur-
vive.
However, there are additional suitable stable domains
that can host the system of interest, when the giant’s orbit
is elliptic. This can be realised via the notion of the horizon-
tal stability exhibited together with the vertical stability.
As shown through the DS-maps, the planar families of pe-
riodic orbits of the 2D-ERTBP, which are both horizontally
and vertically stable (solid blue lines), can provide regular
domains for inclinations up to high values. Same holds for
the horizontally and vertically stable periodic orbits of the
2D-CRTBP.
Following the Methods I and II, we computed spatial
families of symmetric periodic orbits. As changes of stability
along the families were observed, it will be interesting to
explore whether these points would generate asymmetric or
symmetric (of double period) periodic orbits in the future.
In this work, we examined the stable inclined configu-
rations for the main MMRs, when the giant’s orbit is circu-
lar (3D-CRTBP) and when the giant’s orbit is elliptic (3D-
ERTBP). We based our results on the computation of the
spatial families of symmetric periodic orbits bifurcating from
the circular family, the 2D-CRTBP, the 3D-CRTBP and
the 2D-ERTBP and the exploration of the stable domains
around the planar families of horizontally and vertically sta-
ble periodic orbits. This study is of interest to exo-Earths
hunters, since potential inclined, inner, terrestrial planets
in MMR with a detected giant planet can be dynamically
constrained within the regular domains provided by these
families. Finally, the results can also contribute to the field
of the dynamics of high inclination retrograde orbits in as-
teroid dynamics and space mission designs.
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APPENDIX A: THE CIRCULAR FAMILY
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Figure A1. The vertical stability index, av , is computed along the circular family, Ci, as the multiplicity, i, of the periodic orbits increases. The appearance of v.c.o., when av = ±1,
at specific MMRs is showcased.
Table A1. The systematic emergence of MMRs possessing a v.c.o. as the multiplicity, i, of the periodic orbits of the circular family increases.
i MMR
1 3/1
2 7/3 3/1 5/1
3 11/5 5/2 3/1 4/1
4 15/7 7/3 13/5 3/1 11/3 5/1
5 19/9 9/4 17/7 8/3 3/1 7/2 13/3
6 23/11 11/5 7/3 5/2 19/7 3/1 17/5 4/1 5/1
7 27/13 13/6 25/11 12/5 23/9 11/4 3/1 10/3 19/5 9/2
8 31/15 15/7 29/13 7/3 27/11 13/5 25/9 3/1 23/7 11/3 21/5 5/1
9 35/17 17/8 11/5 16/7 31/13 5/2 29/11 14/5 3/1 13/4 25/7 4/1 23/5
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